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TR JOURNAL OF SympoLIC Logic
Volume 35, Number 4, Dec. 1970

AN EMBEDDING OF CLASSICAL LOGIC IN S4

MELVIN FITTING

§1. Introduction. There are well-known embeddings of intuitionistic logic into
S4 and of classical logic into S5. In this paper we give a related embedding of (first
order) classical logic directly into (first order) S4, with or without the Barcan formu-
la. If one reads the necessity operator of S4 as ‘provable’, the translation may be
roughly stated as: truth may be replaced by provable consistency. A proper state-
ment will be found below. The proof is based ultimately on the notion of complete
sequences used in Cohen’s technique of forcing [1], and is given in terms of Kripke’s
model theory [3], [4].

In [6] McKinsey and Tarski defined a translation from nonmodal to modal
propositional formulas, which has been extended to first order formulas by
Prawitz [7]. See also Schiitte [8]. The following is a variant of that translation.

For any nonmodal formulas, 4, X, and Y:

If A is atomic, let A° = OA, and let

(X AY)Y=0X°A Y
Xv Y)°=0X°V Y°,
(X> Y)Y =0X°> Y,
(~X)° =0~X°,
(VX)X (x)]° = OVx)[X (%)]°,

[(Ex)X(x)])° = DEA[X (X)]°.
That is, to apply ° to a formula is to put O before every subformula.

Letting I be first order intuitionistic logic, C be first order classical logic, S4
be first order S4 (see, e.g. Schiitte [8]), and S5 be first order SS5,
X iff kg X° ke X iff kg X°.
REMARK. In the more customary version of this translation the corresponding
cases above are replaced by
(XAY)=X°AY
(XvY=X°v Y’
[(E)X @) = @)X )]
That either version may be used follows easily by an induction on degree
together with
lee (OX v OY) = O@OX v OY),
tes AX)0X(x) = O@x)OX ().
We define an analogous translation from nonmodal to modal formulas as
follows:
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530 MELVIN FITTING

If A is atomic, let A* = OO A, and let
(X A Y)* =00(X* A Y%,
(X v Y)*=00(X*v Y%,

(X > Y)* =00X* > 1Y),
(~X)* = DO~ X*,
(VX)X(R))* = DO(VX)X(x)]*,

[(E)X P = DOEX[X(x)]*.

That is, to apply * to a formula is to put O before every subformula.

Let C and S4 be as above. Let T be the trivial modal logic in which OX =
O X = X. We will show

THEOREM. For any nonmodal formula X, and any modal logic L such that
S4c LT o Xiff by X*.

ReMARrks. Unlike the above ° translation, only one case can be simplified
here. The corresponding case above may be replaced by (X A Y)* = (X* A Y*).
This follows from

Fea (OO X A OO Y) = BG@MOGX A THY).

A few words about the origin and significance of this translation may be in
order. In [2] we showed that, suitably interpreted, the notion of a Kripke model for
intuitionistic logic could replace the notion of forcing for obtaining the Cohen
independence results 1n set theory. (A connection between the two notions was first
remarked in [5].) The transition between intuitionistic logic and classical logic used
there was the well-known theorem

Fe X ff + ~~X
where X contains no universal quantifiers. Instead of intuitionistic logic models,
S4 models could have been used. Thus, one can produce a Kripke S4 model in
which if 4 is an axiom of ZF, A4* is valid, but [~(V = L)]* is also. Then the
theorem stated above provides the classical independence of the axiom of con-
structibility. (I' F (3O X is analogous to ‘X is weakly forced’.)

We give a purely semantic proof of the theorem although a proof theoretic one
is possible (and not difficult). We feel that a semantic proof frees us of the peculiari-
ties of a particular formalization, as well as being of interest for its own sake.
For convenience, we will continue to use the symbol F, but it may be read as
asserting validity rather than provability.

§2. Model theory preliminaries. The notion of a Kripke S4 model is from [3], [4];
the definition is stated here to establish notation, which is based on [2]. We use
formulas with parameters. We will use x, y, - for variables, and a, b,--- for
parameters. ‘ Formula’ means closed formula, i.e. with no free variables.

We use the convention that if & is a map ranging over sets of parameters,
.@(x) is the set of all formulas with parameters from 2(x).

By an S4 model we mean an ordered quadruple (¥, %, F, > where ¥ is a
nonempty set, Z is a reflexive, transitive relation on ¢, & is a map from elements
of & to nonempty sets of parameters satisfying, for any I', I'* € %,

T'AT* = P() < (™),
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and F is a relation between elements of ¢ and formulas, having the following
properties (we use ¥ for not-F): for any I'e ¢:

IfX¢PM), THX.

If X, Y e #(I), then

() TEXAY) if TEXandTFY,

@QTEXvVvY) ff TEXorTEY,

@B)TrEX>Y) iff T¥XorT'EY,

@re~x iff TEX,

(5 TEWx)X(x) iff Ik X(a) for all a e #(I"),

6 'E@x)X(x) iff T E X(a) for some a € A,

(M F'EOX iff for all T* € ¢ such that TZT*, I'* k X,

®) I'EOX iff for some I'* € 4 such that T#T*, I'* k X.

A motivation for this model theory is the following. ¢ is the collection of all
possible states of affairs. To say I'21'* is to say if I is the situation now, I'* might
be the situation later. Z(I") is the collection of all objects existing in . I' F X means,
in the situation I', X is true.

A formula X is valid in the S4 model. (¥, %, k, 2) if, for each I" € ¢, such that

Xe ), Tk X. A proof may be found in [3], [4], or [8] (with a slightly different
notion of model) that
bse X iff X is valid in all S4 models.

Call an S4 model a trivial model, or a T model, if ¢ has only one element. It is

easy to show
Fr X iff X is valid in all trivial models.

REMARK. We will use the convention that in the model (%, £, F, #), for
T e @, I'* will stand for an arbitrary element of ¥ such that I'ZT'*.

We use the term truth set modified from Smullyan [9] as follows. Let P be some
nonempty set of parameters. We call a set J of nonmodal formulas a truth set
with respect to P if, for any nonmodal formulas X and Y with all parameters from
P,

AN XAY)eT ff XeJ and YeT,

QXvYes ff XeTorYed,

B X>Y)eT iff X¢T or YeT,

@ (~X)eT iff X¢T,

B) (Vx)X(x)eT iff X(@)eT forallaeP,

6) Bx)X(x)eJ iff X(a)eJ for some aeP.

For any nonmodal formula X, F; X if and only if X belongs to any set ~ which
is a truth set with respect to some P where P includes at least all the parameters
of X.

§3. Proof of the embedding theorem. We now proceed with a proof of the
theorem of §1. The principal half of the proof is based on the proof in [2] of a
connection between intuitionistic and classical logic, which in turn was based on
the notion of complete sequences in Cohen [1]. It somewhat resembles the Henkin
completeness proof for classical logic.

We begin with the simpler half of the proof.
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532 MELVIN FITTING

THEOREM 1. Let X be any modal formula and let X# be like X except that all
occurrences of O and { have been deleted. Then if b1 X, ko X#.

Proor. If ¥, X#, by the result stated in §2, there is a set of parameters P,
including those of X#, and a truth set J~ with respect to P, such that X# ¢ 7. We
construct a Tmodel (¥, Z, k, #> asfollows. Let ¢ = {JT},let T RT ,let A(T) = P.
If A4 is atomic, let 7 k 4 if A € 7. F may be extended uniquely to all formulas in
such a way that (¥, £, k, &> is a model. Clearly, for any Z e .93(.7), J E0OZ iff
T EOZ iff T EZ. 1t then follows that 7 F Z# iff 7 F Z. Furthermore, since Z#

is nonmodal, 7 k Z# iff Z# € 7. Hence 7 ¥ X, but X € #(T), so ¥, X.

COROLLARY. Let X be any nonmodal formula. If b1 X*, then F; X.

Before proceeding with the converse, let us define X’ to be like X* but without
the initial occurrence of 1. Thus X* = OO X',

LEMMA 1. Let (¥, R, F, P) be any S4 model. Let T' € 4 and X € HT') where X
is a nonmodal formula. Then

(1) T E X* = for every I'*, I'* F X*,

@) I' ¥ X* = for some I'*, I'* F (~ X)*,

() T E[(@x)X(x)]* = for some T'* and for some a € #(I'*), I'* k [X(a)]*,

@) T ¥ [(Vx)X(x)]* = for some T'* and for some a € Z(I'*), T'* k [~ X (a)]*.

Proor. (1) Since X* begins with an occurrence of J, and T' F QY implies
I'* F OY, this is immediate.

@ If ¥ X* T'¥FOOX'. Then for some I'*, I'* F O~ X', But kg, O~ X' D
Ao ~UOX ,so* FOO~IO X, i.e. T* E(~ X)*.

) If TE[E)X)]*, I'EOOEX)[X(X)]*. So I' E O@Ex)[X(x)]*. Then for
some I'*, I'* F (3x)[ X (x)]*. Thus for some a € #(T'*), I'* k [X(a)]*.

@ If T ¥ [(VX)X(x)]* T ¥ IOVX)[X(X)]*, so I F OO@Ex)~ [X(x)]*. Then for
some [*, I'*FO@Ex)~[X(x)]*. T*F(@x)~[X(x)]*. So for some ae Z(*),
I'™ E ~[X(@)]*. I'* ¥ [X(a)]*. Now by part (2) we are done.

Let <%, Z, k, ) be an S4 model and T" € . We describe the construction of a
complete sequence in ¥ beginning with T,

Let X,, X,, X3, -+ be an enumeration of all nonmodal formulas.

Let I, = I'. Suppose we have defined T',. Consider X,. We have several cases.

If X, ¢ #(T'¥) for any '*, then let T,,,, = T',.

If X, e A(I'¥) for some I'¥, choose one such I'¥, call it y,.

Case (1a). y, F X;¥ and X, is not of the form (3x)A(x). Then let T, ,, = Vn-

Case (1b). y, F X and X, is of the form (3x)A(x). Then by the previous lemma,
for some yy and some a € Z(y¥), v¥ k [A(a)]*. Let T',,, = y*.

Case (2a). v, ¥ X¥ and X, is not of the form (Vx)4(x). Then for some y¥,
7: F(~X)* Letl,,, = Vi

Case (2b). vy, ¥ X¥ and X, is of the form (Vx)A4(x). Then for some y* and for
some a € Z(yy), va k[~ A@)]*. Let Ty, = yi.

REMARK. In the above construction, if X, € #(y,) and y, ¥ X*, then T,,, k
(~ Xy)*. If this falls under Case (2a), this is immediate. In Case (2b) it follows since

b5 OO ~00A'(@) = OO ~OO(VX)OO A'(x)
Fsa [~ A(@)]* = [~(Vx)A(x)]*.

ie.
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Let ¢ = {I';, '3, I's, - - -}. We call € a complete sequence beginning with T,

Let € = {X| for some I', €%, I, k X*}. Call a formula X relevant to € if all
the parameters of X belong to P = Ur,¢Z(T,).

We proceed to show € is a classical truth set with respect to P.

LEMMA 2. For any relevant nonmodal formula X, exactly one of X or ~X
belongs to €. '

Proor. (1) Suppose both X and ~ X belonged to €. Then for some I', and
F,in¥, ', E X* and T,, F (~ X)*. By construction, either I',%T",, or I',#T,. Say
%, By Lemma 1, T, F X* But kg, OO ~00 X' 2 ~O00 X', ie. bgy (~X)* 2
~ X*. So, since I', F (~ X)*, I',, F ~ X* ', ¥ X*. A contradiction. Similarly if
I,r,.

(2) Suppose X ¢ €. For some n, X = X,. Since X, ¢ €, y, ¥ X*. By the remark
above, ['y,; F(~X)*so ~X, = ~Xe¥.

LeMMA 3. For any relevant nonmodal formulas X and Y, the following holds :

) (Xv Y)e€ iff Xec€or Ye&F,

Q (XA Y)e¥€ if Xe€and Ye§F,

B)(X>Y)e€ iff X¢For Ye¥.

PROOF. (1) Fge (OO ~OO X' A OO ~DOGY) 2 OO ~OO@O X" v OO YY),

ie. Fas [(~X)* A (~Y)*¥] 2 [~(X v Y)]*
Suppose X ¢ € and Y¢ €. By Lemma 2, ~X €% and ~Y e %. Then for some
I, T,e¥, T, E(~X)*and I',, F (~ Y)*. Either I',ZT,, or I, #T",. Say the latter.
Then using Lemma 1, T, F(~X)* A (~Y)* thus T, E[~(X Vv Y)]* So
~(XVv Y)e%and byLemma2, X v Y¢%.

The converse follows similarly using

bgs (AC X' v OO Y') o OOM@AG X' v OO Y),
ie. Fgo(X*V Y¥)D(XV ™
(2) is done like (1), using
e (OOX A OOY) =00BOX A TOY),
ie. Fga(X*AYH)=(X A D)™
(3) follows using the following
bt (OO ~0OX’ v OO Y') 2 OO@OX’ > OO Y),
ie. Fg[(~X)*V Y*]o [X> Y)*
and kg, (OOX’ A OO ~OOY) > OO ~ON(@O X’ > OO YY),
ie. Fg[X* A (~Y)*] D [~(X D Y™

LEMMA 4. Let X(x) be a relevant nonmodal formula. Then

(1) (VX)X (x) €€ < X(a) e € for all ac P.

(2) Bx)X(x) €€ < X(a) € € for some ac P.

PROOF. (1) Fg4 [OO(VX)OO X (x)] = [OO X (@),
ie. kg [(V)XXI* = [X(a)]*
from which half of (1) follows. Conversely, suppose (Vx)X(x) ¢ €. For some n,
(VX)X (x) = X,,s0 v, ¥ XY, y, ¥ [(Vx)X(x)]*. By Case (2b) of the construction of €,
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534 MELVIN FITTING

[ay1 F[~X()]* for some ae #(,,,). Thus ~X(@)e¥, so by Lemma 2,
X(a) ¢ €.

(2) tse [BO X' (@] = [BOEX)TO X (@),
ie. kg [X(@F* 2 [Ex)X(X)]* B
so we have half of (2). Conversely, suppose (Ix)X(x)e¥. For some n,
AXX(x) = X,. If v, ¥ XF, ie. y, ¥ [(3x)X(x)]*, by Case (2a) of the construction
of €, T',.. E[~@x)X(x)]*, so ~(@x)X(x) €¥, contradicting Lemma 2. Thus
¥n E[(@x)X(x)]*. Now by Case (1b) of the construction of ¥, T',,, E [X(a)]* for
some a € #(I',,,). Thus X(a) € %.

Thus we have shown that & is a truth set with respect to P.

THEOREM 2. Let X be any nonmodal formula. If ¢ X then tg, X*.

PROOF. Suppose fg, X*. Then for some model <¥, £, k, #>, for some I'e ¥,

X*e ), but ' ¥ X*. By Lemma 1, for some I'*, T'* k (~ X)*. Construct a
complete sequence € beginning with ['*. ~ X € € so X ¢ . But the above lemmas
show that % is a classical truth set with respect to P, and all the parameters of X
are in P. Thus, as we remarked in §2, ¥, X.
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